Introduction
In this paper we construct a function basis to express different powers of the distance between a point and the origin. Namely, for two given natural numbers m and n we find points in the plane such that the function r n 2m cos nθ can be expressed as linear combination of powers of distances to those points see formula 3.15 below , both the linear combination and the given function having the same domain in the plane for the notion of special function that we use, see Section 3.1 .
One of the important observations in the theory of real functions is that series expansions lead to certain interesting numbers and functions e.g., Fourier coefficients, Lfunctions . Namely, usually series representations can be constructed explicitly in some model spaces of sections of various function bundles over appropriate analytic manifolds. By considering functions on the plane as maps F: R 2 → R, the graphs of these functions are the sections described by the map ψ: R 2 → R 3 ; x, y → x, y, F x, y , which defines 2-sub-manifolds on R 3 . for analytic functions on the plane R 2 ; see Section 2.2 .
We denote by A R 2 the subspace of real analytic functions. It is well known that any polynomial of degree n can be written exactly as a linear combination of powers of the right number of terms of the form x · v k b k . We realize a series representation in the space of analytic functions on the plane A R 2 .
We use the formula of the product of two series ∞ n 0 a n and
The right side of formula 2.2 becomes
Let us change the order of addition with respect to the indices j and k:
The following formula is formula 8.911 of 1 :
where
Substituting 2.6 in 2.5 ,
2.8
Let us change the order of addition with respect to the indices k and l:
Denote by
Abstract and Applied Analysis
The sum 2.9 is
We will substitute this sum in 2.8 .
Let us change the order of addition with respect to the indices j and l:
Let us add with respect to the index i from zero to infinity
Let us change the order of addition with respect to the indices i and l:
Change the index i for index i i − 2l:
We change the indices i and j for the indices
2.16
Let us change the order of addition with respect to the indices i and l: 
2.18
The sum 2.18 becomes
Let us add with respect to the index i from zero to infinity. The ratio 2.2 becomes
Coefficients with Three Indices
Let us calculate the numbers a i l,j−l,l . By formula 2.10 , the following formula holds:
Change the index k for index k − 2l:
By formula 2.7 , the following formula holds:
Let us use the formula
We will substitute this in 2.23 :
Formula 2.22 becomes
A Series of Half-Integer Powers
Consider three numbers a, b, and c. We will develop the power of the sum of three numbers.
Lemma 2.1. Consider a natural number n. Then, the following formula holds:
Consider the series ∞ n 0 a n a 2 − 2abc c 2 n . By Lemma 2.1 the following formula holds:
We will distribute this sum, and we will exchange the order of addition:
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The series becomes
Consider the formula
Formulas for Coefficients with Two Indices
Let us use formula 2.34 to rewrite formula 2.32 .
2.35
Consider the function
Let us differentiate the series term by term:
2.37
The i − 1 first terms in this series are equal to zero. Then, the following formula holds:
The number a ij becomes
2.39
(
1) Coefficients with Two Indices
We write the numbers a i−l−k,j−l substituting the numbers a ij for numbers a i j−1 a ij . By formula 2.39 , the following formula holds:
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Let us substitute in 2.28 :
Then, the following formula holds:
The sum equals
Let us add with respect of index l from zero to j:
2.45
We will substitute this sum in 2.45 :
2.47
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We will substitute this sum in 2.19 :
A Series of Half-Integer Powers
Divide both sides of 2.33 by √ a 2 − 2abc c 2 :
2.49
By formula 2.21 , the following formula holds: 
A Series of Half-Integer Powers
Consider the series ∞ n 0 a n x n/2 . Let us separate this sum into i a sum with respect to even indices, ii a sum over odd indices. 
Then, one has
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In the second sum, we change the index n for index n n 1:
2.53
Define a −1 0.
2.54
Formula 2.52 becomes
We will denote
2.57
Let
By formulas 2.33 and 2.51 , the following formula holds:
where see 2.39 and 2.48
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x a 2 .
2.61
Formula 2.59 becomes
The Case of the Law of Cosines
Consider a number θ. Let b cos θ.
2.63
The following formula appears in 2 :
.
2.64
Let us use this formula to rewrite formula 2.62 :
2.65
By Lemma A.2 see the appendix , the following formula holds:
2.66
By formula 2.61 , the following formula holds:
Multiply by 2
2.68
Let us use formula 2.34 to rewrite 2
2.69
Let us add with respect to the index k from zero to j:
2.70
Multiply by cos i − j θ c i j . Let us add with respect to the index j from zero to i. Let us add with respect to the index i from zero to infinity. By Lemma A.1 see the appendix , the following formula holds:
2.71
2.72
13
The left side of 2.65 becomes 2.74
Formula 2.72 becomes
Functions on the Plane Expressed as a Linear Combination of Powers of Distances to Points
We deduce an identity regarding linear combinations of powers of distances from certain points, as well as similar new identities, from the formula of a power of the cosine. The formula of a power of the cosine is a powerful tool in mathematical analysis. In the space of analytic functions, we construct sums ii two natural numbers m and n.
Assume that there are i numbers θ 1 , θ 2 , . . ., ii positive numbers p 1 , p 2 , . . ., and iii series
14
Abstract and Applied Analysis By formula 2.73 , the following formula holds:
where the coefficients B kij are given by formula 2.72 :
We use the formula
Formula 3.1 becomes
The following formulas are sufficient conditions for the solution of the equation above: We will denote
In Section 2.3.1 1 , we computed the numbers B ij . Let us denote 
3.19
In the coordinates x, y , r 2 cos 2θ x 2 − y 2 . 3.20 
